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ARSTRACT

Two w21l known directional (one-tailed) tests of
significance, mean difference and correlation coefficient, are
presented within the multiole linear regression framework.
Adjustments on the computed probability level are indicated. The case
for a directional interaction research hypothesis is defended.
conservative adjustments on the computed probability level are
of fered and a more vrrecise computation is rejuested of statisticians.
»nphasis is place? more on the research question being asked than cn
blind adherence to conventional formulae. (Ruthor)
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fon) Two well known directional tests of significance are presented within the

o multiple linear regression framework. Ad justments on the computed proba-
bility level are indicated. The case for a directional interaction research
hypothesis is defended. Conservative adjustments on the computed proba-
bility level are offered and a more precise computation is requested of
statisticians. Emphasis is placed more on the research question being

asked than on blind adherence to conventional formulae.

Iatroduction

The gene{alized F ratio within the context ;f multiple linear regression
is known to be applicable to a large number of research questions. There
ig a class c¢f questions, though, which requires an adjustment in the
érbbability level which is reported by canned computer programs. This
reported probability level is for an equally divided 'two-tailed" test
of siénificance, but often the researcher has justified a "one-taited"
teét of significance. 1Indeed, wvhenever the research hypothesis contains

directionality, then the required test of significance is "one-tailed."

A good deal of the research hypotheges that appear in the literature

000 353

develop a valid rationale for directionality but very few of them proceed

to fully take advantageiof their stated alpha level. One only needs to

ar S
Ry

look at, for example, Volume 11 ‘sf the Journal of Personality and Social

Psychology. Numerous articles in this issue propose directional hypotheses

T

and proceed to use a non-directional test. 1Indeed, Levinger and Schneider

(1969) indicate that the results for one hypothseis was significant in
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the direction opposite to that hypothesized. In reliability and validity

research, the research hypothesis of ncecvessity must be dircclional. Tt

is seldon that a researcher gets excited “hout a negative reliability coeffi-
cient. Likewise, the reseaicher hypothesiz . the siun of the corre-

lational value indicating validity. A negative rrelation would only
be expected when two ccales are measuring the sa.  enomencn, but one
scale has been reversed. (In this case we would stitl have all of the eri-
tical region in one tail of the sampling distribution.)

There are at least three situations that might require a Yone-tailed"
test of significance: (1) a research hypothesis suggesting one treatment
resulting in a higher mean than another treatment; (2) a research hypoth-

esis specifying either a positive correlation between two variables or a

negative correlation between two variables; and (3) a rescarch hypothesis
spécifying a directional interaction. 1The first two situations are well docu-

mented in the statistical literature, but the last is not mentioned,

Case 1: Directional mean difference research hypothesis

We must be careful in interpreting the probability associated with
direc;ionsl hypotheses because the full and restricted regression models
are the same with a one-tafled test as with a two-tailed test. A non-
difectional research hypothesis would take the form: there is a difference
in the mean effect of treatments Tl and T,. A directional research hypothesis
wpuid.take the form: Treatment T, results in a larger mean effect than
do;s treatment T,.  The full model in both cases would be:
Mo§e1 1: Y1 T au + a1r1 + asz + ﬁ; the full model where:
Y, = the criterion vector.
U = the unit vector,

Tl a al {if the Yl score comes from a person in treatment 1, 0 otherwise.
. :

T2.= al if the Yl score comes from a person ia treatment 2, 0 otherwise.
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a_, a;, a, are weighting coefficients which will produce the
o
smal%est sum of squared components in the E1 vector,

B s
E, is the error in prediction, or (Y -Yl), using the weighting
* coefficients and the predictor variatles in the full model.

For each of the above research hypotheses, the statistical hypothesis is:
There is no difference in‘the (population) treatment means. The statistfcal
hypqthesis inplies the restriction: a) = a,. Forcing this restriction
on the full model, we arrive at:

Model 2: Y1 = a,U + Eys the restricted model.
All symbols are as defined before, with E:2 being the error in prediction using
the weighting coefficients and predictor variables in the restricted model.

The two models can of course be compared with the F test, and the
associated probability value will be reported by most canned programs.

The probability value is the probability of this large a discrepancy

or, one larger occuring under the restriction that the two population means
are equaln The first two rows {n Table 1 indicate the state of affairs
when the reseafch hypothesis is non-directional. The reported probability
Valuelis for a non-directional test of significance and thus no correction
Eé neceésary.‘

‘; If we are concerned about differences in a given direction, then
we‘must look at the sample means to see if the difference between the means
is in the hypothesized direction., 1If the means are in the direction
h;pothesized, the third example in Table 1, then we must halve the reported
pvobahility level, for it indicates to the researcher how often he would
expect this large a discrepancy in both directions. 1If the means are not

in the hypothesized direction (the last example in Table 1), then we

surely do not want to hold as tenable the research hypothesis. 1he correct

“probability level in this case is (1 - PROB),'where PROB is the reported'
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probability ?alue. Since PROB can never be larger than 1, the smallest
actual probability level can never be less than .50, i.e. can never lead
to holding as tenable the research hypothesis

Pedagogically, one might want to illustrate the F distribution as in
Figure 1. The top half of the F distribution can be thought of as the
F ratios resulting when Treatment 2 has a higher mean than Treatment 1.
The bottom half then represents those F ratios resulting when Treatment
1 has a higher mean than Treatment 2, It should be quite clear from
Figure 1 that if one's alpha level is .05 the appropriate lower limit
for a non-directional test is F = 4,20, whereas if the research oypothesis
involves difectionality, then F = 2.89 is the appropriate lower limit
‘(this‘being the tabled F value for alpha = 2 x ,05, or for an alpha of .10;
degrees of freedom equal 1 and 28).

- Case 2: Directional correlational research hypothesis

. The argument for this case i{s similar to the previous argument, the
>on1y difference is that here we have a continuous predfctor variable rather
than a dichotomous predictor variable. Often in correlational research,
'the researoh hypo;hesis is something like: There is a non-zero relationship
‘f;ﬁ"j botween xl and &2 The statistical hypotﬁesis in this case would be:
| < There is a zero relationshlp be tween X1 and Y,. The full and restricted
’modela would be- .
Modol 3: YZ = a,U + alx1 + E3; the full mooel where:
: ? ‘;‘€x"o‘ e YZ = the criterfon vector-
‘ U = the unit vector.
'.V“' “ ’f}":i"v.‘:o;: fkl = the continuous predictor vector,
lef“i ‘ ,‘ “a_ and a1 are weighting coefficients which will provide the

[ S o
< I sum of squared component. fn the Eq vector,

~ Eyis the error in prediction (Y, - Y ) using the weighting
T ‘ coefficients and predictor variahles in the full model.

ot \
‘1:12J131e restriction- a = 9 results in
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Model 4: Y2 = agU + E,; the restricted model where all symbols are as
above, and where E, is the error in prediction (Y - \L)
using only the overall mean (ao)

One's research hypothesis might involve a directional relationship

such as: There is a positive correlation between X1 and Y2' The full

and restricted models would be the same, but again one would have to inspect

the sign of the weighting coeffizient to make sure the non-zero correlation

is in the hypothesized direction. The same kinds of corrections in the prob-

abili;y level are called for in this casé as in the case for diregtional
differences, and examples are depicted in Table 2. Indeed, we wodld

expect this to be the case because the tert for the difference between two

means is algebraically equivalent to the test of significance for the point

biserial correlation, a special case of the Pearson Product Moment Correlation

‘ (Kel}y, Beggs, McNeil, Eichelberger, and Lyon, 1969),

Case 3: Directional interaction research hyggfhesis

This third case has probably not been utilized in the literature
because it has not been described in the standard statistical texts.
We'are ot aware of any applied examples of this case, although many regearch

hypotheses in the literature actually call for such an analysis. When

. a two ~tailed interaction analysis is run on a directional interaction

1

. hypothesis rather than the legitimate one-tailed analysis, the researcher

'

is repbrting a probability level which is not indicative of the actual

pobability. As in the previous cases, if the results are in the hypottesized

direction the actual probhabiliry value is less than that which the researcher

) rgports. We are not aware of the actual correction, as will be indicated shortly.

O
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An example from the literature may help clarify the problem, Gentile
(1968) hypotheaized- “"the lower the socfocultural level of the student,

the more he should benefit from the de(inition treatment (as compared to
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) the no-defiﬁition treatment)." Figure 2 illustrates the kind of interaction
indicated by the research hypothesis. Figure 3 illustrates the other half
of the situations wherein an interaction can occur. These kinds of inter-
action in Figure 3 are evidently not of interest to Gentile. Therefore,
the reported probability level should be at least halved if the results
arg in the hypothesized direction.

We say at least halved because there are other kinds of ifuteractions
similar to that depicted in Figure 1 which would not reflect the research
hypotpesis. Figure 4 contains one such situation wherein the definition treat-
mept is inferior to the no-definitfon treatment. Again one would not want
to'hold as tenable the research hypothesis with this set of data.

As in the first two cases, the fﬁll and restricted models for the
directional and non-dirctional interac&ion questiouns are exactly the same
(See Table 3). The sociocultural levels can be .treated as categorical
variagles or as continuous, and we prefer the latter, (The discussion would
become more involved if we didn't do it this way. )

. . The full model which allows interaction to occur would be:

Mogel 5: Y5 = agU o+ ayT) + 83Ty + b Xy + byXp + Eg

..+ . Where:
‘ Y4 = the criterion vector.

U = the unit vector.

=]
L ]

1 if the subject received the definition treatment, otherwise O.
= 1 if the subject recefved the no-definition treatment, 0 otherwise.

' Xt = sociocultral level of the subject if he received the definition
" .. treatment, 0 otherwise.

, [.H X, = sociocultural level of the subject if he received the no-
P oo " 0 definition treatment, O othervise.

“ERIC
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aye
ayy A1 a2 by are weighting coefficients which will produce
the smallest sum of squared components in the ES vector.

E5 = the error in prediction, (Y -§‘), using the wighting coefficicnts
and predictor variables in the fuul model.

In this example b1 and by are the slopes of the straight lines of
best fit for the two treatments. The hypothesis of no interaction in the
populgtion stipulates that the population slopes are equal (B, = By).
Siqce the sample slopes are the best estimators of the population slopes, the
restriction which dces not allow interaction to occur {s: b1=b2. This
restriction placed on the full model results in the following restricted
moﬁel;
Model 6: Yq = aoU + alTl + azT2 + b3X3 + E6

All symbols are as defined above, and where X3 is the sociocultural level
of the subject, no matter which treatment he received. E6 is the error in
prediction, (Y3 - ?}), using the weighting coefficients and predictor
variables in the restricted model. Again, the full and restricted models
can be compared via the generalirzed F ratio.

If one has a non-direztional interaction question and the ¥ {is sig-
nificant then the results can simply be plotted and the reported probability

level reported.

If one has a directional interaction question and the F is significant,

" then the results must be plotted to see if the fnteraction occurs {n the

direction hypothesized. 1If the results are opposite to that hypothesized,

‘WQISUrely would not want to hold as tenable the research hypothesis,

If the interaction {s in the direction hypothesized, then the exact prob-

. ability is at least one-half the reported probability.

O

Ve feel that the above adjustment {s not an exact adjustment, but at

this‘fime we are not able to describe the exact probability., We would
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encourage researchers to consider this question and in the future try to
develop the exact probability. Certainly though, the interaction plot
must reflect the research hypothesis before the researcher can reject the
statistical hypothesis and hold as tenab}e the research hypothesis,

What we question is tﬁe probability statement associated with the
interactfon test of statistical significance when the researcher has stated
a di;ectional interaction research question. The reader should be reminded
that the statistical hypothesis when testing either interaction or directional

inferaction is: There is no inferaction, or, the lines are parallel. There

‘are many ways of obtaining interaction and only a small subset of these is

of interest to the researcher who is interested in a directional interaction
quest;on.

" ?hese thoughts seem to be impor;ant because many decisfons are based
on statistical grounds wh&ch are being used incérfectly. Many research
hypotheses involve a directional hypothesis. The researcher is hurting
himself when he uses a two-tailed test rather than a one-tailed test. TIf
hig fésulté are in the hypothesized direction, the statistic may not fall

in the critical region of the two-tafiled test, whereas it might have fallen

in the critical region 'of the one-tailed test. (Please remember to also

O

ERIC

Aruitoxt provided by Eic:

l

repor; che amount of variance being accounted for in either case, as that

- inﬂex will probably communicate more than will the probabitity value,)

. What is even more disheartening fs to see a researcher develop a beautiful

dire¢;10n31 hypothesis and then report that his data indicate significance

in the "opposite direction." He has used a two-tailed test of significance

L fof the directional hypothesis and hAs found that the statistic falls in

the cfitical regibn. A little thought would indicate that the researcher

cannot hold as tenable his directional hypothiesis under these conditions.

t
ot



He should report what he found and urge future researchers to develop
directional hypotheses to correspond with his data; it is ironical to
report something as being significant which was completely opposite to that
which was expected. In essence, the rationale behind the directional
hypothesis may be incorrect, but that cannot be determined on the initial

data.

v



Table 1

Several hypothetical examples for the
differences between two groups
(Full model takes the form of Model 1 and restricted model the form of Model 2.)

Research  Sample Statistical Restriction Sample Means Outputied Correction Actual

Hypothesis Index Hypothesis (ao+a1) (a0+a2) Probability Needed =~ ©Probabil
’ _ no
M ¢ A ayfay M, = A, a,=a, 20 15 .07 correction .07
' » no
/[l f Az al#az A, =/{& a=a, 15 20 .07 correction .07
PROB
) " ay a = a,=a 20 15 07 -2 .035
> 12 A= AH, 3= :
H, > A PROB
A7 Me 1% A=A ay=a, 15 20 .07 1 - 2 .965
S e . Table 2

e - L"f.‘ R . Several hypothetical examples for
" L correlational hypotheses
(Full Model takes the form of Model 3 and restricted Model the form of Model 4)

Research . Sanﬂe Statistical Restriction ESample Outputted " Correction Actual

Hypothesis Index Hypotlesis Correlation Probability Needed Probabilit
: o ‘ no
: /)*0 S 81*0 . f=0 R 81 =0 .36 .07 correction _,07_
‘)’# O.lfi-a #0 '/7= 0 a = 0 - .36 .07 : no .07
: : S : correction
' '/)> 0. al>o NA=0 ' a =0 .36 .07 PROB .035
'!,; e ' 2
ﬁ>o L a0 M=0 . a =0 -.36 .07 PROB .965
R . 1-7
/'40 | 8,20 /1=0 a =0 . .36 . .07 _ PROB . 965
e . 1 -2
: :,- /)‘ . 8,¢0 /_‘F 0 a; =0 -,36 - .07 P;!OB , .035
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Aruitoxt provided by Eic:



Table 3

Several hypothetical examples
for interaction hypotheses
(Full model takes the form of Model 5 ard
restricted model the form of Model 6.)

Research ~  Sample Statistical Sample Values Outputted Correction Actual
Hypothesis == Index  Hypothesis Restriction b1 b2 Probability Needed Probabi
. no
B, #B, by#b, B, =B, b,=b, .4 2 .07 correation .07
w no
B, +8, by#b, B =B, by=b, 2 .4 .07 correction .07
. : ‘ : PROB
By >h Cobed, 8, =B, by 4 .2 .07 2 .035
- B,>8, - . bpb, By =8, b =b, .2 4 .07 1 - PROB 965
.‘( ‘ '
Y‘}: “"v ! } ! ‘1:'- | I N . '\ ] AI“ -l Al
i R EER :
g y
Qo » ‘
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F ratio 2.89 4.eo

Figure 1

Exemplary T destribution (df,= 1, df, = 28) indicating
F ratios resulting under the statistical %ypothesis of equal
population means, The area depicted by vertical lines repre-
'sents those F ratfos resulting when, say, Treatment 1 has a

- “igher sainple mean than Treatment 2. The area depicted by the
FLorizontal lines represents those F ratios resulting when
research hypothesfs is directional, then the researcher must
use the tabled F value for (2 x alpha). This process is analogous

to adjusting the reported probability values as indicated in
Tables 1, 2, and 3.
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i

RIS g Schematic diagram representing directional interaction
BT hypotheais of Gentile (1968)
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Figure 3

Schematic diagram representing other fnteractions which
could occur but were of no interest to Gentile (1968).
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Figure 4

High

. Schematic diagram representing lines similar to Figure 2
but with the definition treatment consistently inferior to
the no-definition treatment.
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